We formulate a first quantized construction of the AdS d+1 /CFT d correspondence using the bi-local representation of the free d-dimensional large N vector model. The earlier reconstruction of AdS 4 higher-spin gravity provides a scheme where the AdS spacetime (and higher-spin fields) are given by the composite bi-local fields. The underlying first quantized, world-sheet picture is extracted in the present work and generalized to any dimension. A higher-spin AdS particle model is shown to emerge from the collective bi-particle system of Minkowski particles through a canonical transformation. As such this construction provides a simple explicit mechanism of the AdS/CFT correspondence.
Introduction
The AdS/CFT correspondence [1] represents a major tool in our understanding of nonperturbative phenomena in gauge theory (and other related systems). Insight into the mechanism behind this duality was obtained through various different tools, such as large N expansion, D-branes and higher symmetries. The explicit construction, even in the simplest models, has not been achieved yet (except in special limits or sub-sectors of the full theory such as the 1/2 BPS case). What characterizes the correspondence is the emergence of AdS spacetime (and of extra Kaluza-Klein dimensions) and even more remarkably of gravitational and stringy degrees of freedom.
Recently a very simple model (the O(N) vector model) has been studied with its duality [2, 3] to AdS higher-spin gravity of Vasiliev [4, 5] . This proposal which identifies the critical points of the 3d O(N) vector model with two versions of the 4d Vasiliev theory has received solid support [6] and definite degree of understanding. Interesting studies of the AdS 3 /CFT 2 correspondence are also done in [7] . One particular approach that we have pursued is the construction of the (dual) AdS theory from the CFT in terms of collective fields [8, 9] . Collective fields extend the space of (conformal) operators (and conserved currents) that are usually used for "holographic" comparisons of correlators and amplitudes at the boundary. They provide a framework for reconstruction of the AdS theory in the bulk and with interactions. In the specific case of the O(N) vector models these fields are given by bilocal invariants representing scalar products of basic local fields. It was demonstrated in [9] in the example of 3d free CFT that the bilocal field contains fully the additional (radial) AdS dimension and also the infinite sequence of fields with growing spins. This construction (done in the light-cone gauge) provides a full one-to-one map between (field) observables of the field theory and fields of the higher-spin gravity. Other versions which involve use of renormalization group schemes were given in [10, 11] . An effective action approach was also developed in [12] through coupling of higher spin fields to conformal scalar field theory. The correspondence between various approaches remains to be studied.
The reconstruction of AdS spacetime from the bilocal spacetime turned out to be given by a canonical transformation of phase space (rather than just a coordinate transformation). In the particular case of AdS 4 /CFT 3 , the transformation can be essentially seen as given by a simple Fourier transformation. With the field map in place one might ask the question of the first quantized (world-sheet) picture behind this correspondence. In the N = 4 SYM case the world-sheet picture given by the integrable Yang-Baxter system played a central role and it is of interest to illuminate it in the present case of O(N) theories. Instead of the string we now have a discrete bi-particle system which we call the collective dipole. In what follows we describe and study its classical dynamics and work out the details of its map to AdS. This we do in any dimension d showing the reconstruction of higher-spin system in AdS through a canonical transform. As such the collective dipole offers possibly the simplest system for a deeper understanding of the emergence of extra dimension and higher-spin degrees of freedom. A dipole picture was originally contemplated by Flato and Fronsdal [13] and subsequent work by Fronsdal [14] in their pioneering group theoretic study. They have established a most relevant theorem regarding the direct product of simplest (Di and Rac) representations of the conformal group, which were shown to decompose into an infinite sum of higher spin representations. This theorem represents the kinematical backbone of the more recent AdS/CFT correspondence where conformal fields through a large N collective effect produce higher spin fields. The dipole picture was also identified in studies of high energy scattering in QCD [15] . It has also appeared in studies of noncommutative field theory [16] .
The content of the present paper is as follows: in section two we describe the collective dipole as a two-body system with constraints and discuss gauge fixing to timelike or light-cone gauges. In section three we describe the system representing a higher spin particle in AdS. In section four we explain how the two systems are transformed into one another through a one-to-one map. This completes the demonstration that d+1 dimensional AdS spacetime and higher spins are generated in terms of the d dimensional collective dipole. We end with conclusions in section five.
The Collective Dipole
The large N quantum field theory of the O(N) vector model
represents a relatively simple field theory for critical phenomena and more recently as a model of AdS d+1 /CFT d correspondence. In three dimensions besides the trivial, free field theory UV fixed point one also has a nontrivial IR fixed point (for detailed studies see [17] ). The AdS/CFT duality with Vasiliev's higher spin theory for both fixed points was understood in [2] and subsequent more recent work. In any dimension d one can consider the free theory which nevertheless in the large N limit exhibits a duality with a theory of higher spin in d + 1 dimensions. The origin of higher spins and of the emergence of the extra radial AdS spatial dimension was given [8] in terms of bilocal (collective) fields
where µ, ν = 0, 1, · · · , d − 1 with the metric (−, +, · · · , +). These fields close a set of Schwinger-Dyson equations with an effective action that leads to a systematic 1/N expansion [18] . It was argued in [8, 9] that this provides a bulk description of the AdS 4 dual higher-spin gravity (for the two conformal fixed points of the three dimensional field theory). This picture was sharpened in the time-like or null-plane quantization scheme, where the bilocal field involves a single time
In this case a precise one-to-one map was formulated in [9] relating the light-cone higher spin field in AdS 4 and the collective bilocal field Φ(x − , x, z, θ) = dp + dp x dp z e i(x − p + +xp x +zp z ) dp + 1 dp + 2 dp 1 dp 2 δ(p
whereΨ(p
. The physical basis of the correspondence can then be identified by a bi-particle system of a collective dipole which through a canonical transformation maps into the first quantization version of the higher spin system. In what follows, we would like to discuss and study this dipole construction in full detail. Our goal is to establish a first quantized or rather a world-sheet description of the AdS/CFT construction developed in [8, 9] .
Let us start with a two-particle system in d-dimensional Minkowski spacetime with the action
which leads to the constraints
Switching to the center-of-mass variables
the constraints (6-7) become
This system written in the above covariant form is described with two times. It therefore can potentially have problems with unitarity and appearance of ghosts as discussed in the investigations of [19] . In the present simple system one has the existence of a canonical gauge in which one can eliminate (gauge fix) the relative time and obtain a physical picture with a single time. This is analogous to the (second-quantized) collective field theory where one also had a covariant and a canonical, equal-time representation [20] . Let us describe the details of such gauge fixing procedure, it was given some time ago [21] in connection with the investigation of Yukawa's bilocal field theory. One introduces the condition
Then the constraints (11, 12) become second class while (10) remains first class. If one considers the interacting problem with m = m(x 2 ), then the above condition arises from the the Poisson commutation of (10) and (11) .
Next, taking P µ to be time-like, we can explicitly solve the second class constraints and eliminate the relative time coordinate. First, one makes a canonical transformation
One can easily see that u L , π L are the components parallel to P µ while u r , π r are normal to P µ . Then the constraints (11) and (12) lead to u L = π L = 0. Therefore the system can be described only using the center-of-mass coordinates (X µ , P µ ) and the relative (spatial) coordinates ( u, π). The canonical transformation (13) (14) (15) (16) ) is simplified to be
For the massless case where m = 0, the conformal generators of the bi-particle system are given byP
where we have neglected the scaling constant term for simplicity. It is instructive to find the explicit form of the conformal generators. Choosing a solution satisfied by (17) (18) (19) as follows
one achieves a single time (X 0 =X 0 = t) formulation of the conformal generatorŝ
Now recall the canonical, equal-time (x 0 1 = x 0 2 = t) collective field version of the biparticle system, where the conformal generators are given bŷ
There is a simple canonical transformation between the phase space (X i , P i ; u i , π i ) and the bi-particle phase pace (
, which transforms the generators (29-35) to (36-42) . It is given by
We have in the above described the canonical structure of the composite, two particle "collective" dipole system. It was constructed to describe the singlet subspace of the vector model CFT. Since the CFT has two collective field representations (one covariant with an associated action and another equal-time with an effective Hamiltonian) it was important to demonstrate the existence of a single time gauge. We have also seen that in this gauge the dipole system exhibits an identical canonical structure to the collective field theory one. This structure is characterized by an additive contribution to the symmetry generators which we established. In the next section we will review the field theory of higher spins in AdS and describe its first quantized description given by particles with spin moving in AdS spacetime. We will then establish in section four that the d-dimensional dipole system is canonically related to the d + 1 dimensional AdS system through a one-to-one transformation.
Higher Spin Theory in AdS
We now switch to a discussion of higher spin theory in AdS d+1 spacetime. From the field theoretic description of this theory we will deduce a first-quantized AdS particle system (with spin). We will then demonstrate in section four that the AdS spin particle system emerges through a canonical change of variables from the d-dimensional collective dipole system.
Higher Spin Fields
There are two formalisms for describing higher spin fields, one being the frame-like formulation in terms of generalized vielbeins and spin connections, the other the metriclike formulation due to Fronsdal [22] , which employs higher tensor fields with arbitrary rank and symmetry properties. Here, we will use the second formulation. One also has interesting alternative approaches studied in [23] .
A spin s field is represented by a symmetric and double traceless tensor of rank s: h µ 1 ...µs (x µ ), which obeys the equations of motion [24] 
The gauge transformation is given by
A covariant gauge can be specified with the gauge conditions
Then the equation of motion (47) reduces to
with the effective mass
. It is useful to embed the d + 1 dimensional AdS spacetime x µ into d + 2 dimensional hyperboloid x α with the metric (−, +, ..., +, −). The higher spin field h µ 1 ...µs (x µ ) is related to the after-embedding higher spin field k α 1 ...αs (x α ) by
where
Introducing an internal set of coordinates y α spacetime, one forms the field with all spins
In this notation the constraints implied by embedding, the covariant gauge conditions as well as the equations of motion become the following system of equations [14]
x · ∂ y K(x, y) = 0.
It is easy to check that the constraints (53-57) are all first-class constraints. We should also point out that Φ(x − , x, z, θ) in (4) is the light-cone form of K(x α , y α ) in AdS 4 . In the above representation one has an asymmetry between the spacetime coordinates x and the internal spin coordinates y due to (57). One can through a series of canonical transformations achieve a totally symmetric description. The transformation was found by Fronsdal in [14] , which takes the form
where p = (x + y)/2, q = (x − y)/2 and the kernel for a particular spin s is given by
withn = y · ∂ y . After the mapping (59), as well as a Fourier transformation
one finds the symmetric version
Next we show that it is possible to reduce the system by solving the first four constraints (61-64) which are decoupled into two sets of constraints involving separately u and v. Parameterizing the cone u 2 = 0 as
withû 2 = 1, we find the constraint (61) becomes ∂/∂U + 1/2. Consequently the dependence on the variable U can be factored out
and the remaining degrees of freedom are the coordinate (t,û) (and its conjugates). Similarly, this reduction works for the v system. Therefore, by solving the first four constraints, we reduced the bilocal field Φ(u, v) with 2(d + 2) variables to 2d variables. This agrees precisely with the bilocal collective field Φ(x
However, in this formulation, we need to interpret (65) as the equation of motion, which does not take the form of the collective equation of motion [8] . In order to make contact with the collective field equation, one can trade in (65) with a new constraint
which does not commute with (65). As shown in [8] , this is the equation of motion for the collective field after a field redefinition. This shows that the bilocal collective field theory of [8] corresponds to another gauge choice when compared with the Fronsdal's covariant gauge higher spin theory.
Higher Spin Particles in AdS 4
To describe particles in AdS with spin, one uses the spacetime coordinate x and an internal spin coordinate y. For simplicity, we will mainly discuss the AdS 4 case (only in this subsection), which corresponds to the isometry group SO(2, 3). The system requires constraints expressing strong conservation of the phase space counterparts of the second-and fourth-order Casimir operators of so (2, 3) . We have the generators
where x A and y A represent two separate objects and A, B = 0, 1, 2, 3, 5 with the metric η AB = diag(−, +, +, +, −). The second-and fourth-order Casimir operators are given by
They are constrained to
One solution to the constraints (72-73) leads to
The massless higher spin particle corresponds to the special case E 0 = s + 1. These constraints are seen to agree with Fronsdal's covariant formulation of higher spin theory (53-57). Another canonical representation of the higher-spin particle system solving the constraints (72-73) was given in [25] 
where r is the radius of the AdS spacetime and (80, 82) are gauge conditions for the first-class constraints (81, 83) respectively.
AdS d+1 from d-dimensional dipole
We now come to the main part of our construction. We will show (in the framework of the light-cone gauge) that d-dimensional relativistic bi-particle system of section two can be mapped into the higher spin AdS d+1 particle system. This map will be accomplished by an explicit canonical transformation between the respective phase space variables. In the process we will be able to map the collective field version of the conformal generators to the generators that can be constructed in AdS spacetime. For specifying the light-cone gauge of higher spin theory in AdS d+1 , one starts following [26] with the gauge invariant description with the AdS and internal coordinates denoted by (xμ, pμ,ᾱμ, αμ),μ = 0, 1, 2, .., d. One can parametrize the AdS d+1 space with the Poincaré coordinates
The light-cone variables and transverse coordinates are denoted as
The light-cone gauge [26] is now fully specified by the conditions
Here (90) represents the light-cone gauge condition, and the constraints (91, 92, 94) are analogous to (76, 78) and (77) in our particle description respectively. From the Lorentz condition (79), one can solve forᾱ − (93). For more detailed studies of light-cone higher spin theory in AdS spacetime the reader should consult [26] .
Our construction of the canonical relationship between the two sets of variables will come from the comparison of two different representations of the generators of the conformal group: one corresponding to the d-dimensional dipole and the other to the d + 1 dimensional higher-spin AdS particle. For this we first recall the light-cone form of generators in AdS given by [26] 
These generators are to be compared with the bilocal CFT d transformations. In the light-cone gauge (x
The conformal generators take the form
For simplicity, we will neglect the scale dimension terms on both sides, which can be added at the quantum level. Furthermore, the Poisson bracket {m zj , m ji } and {m zJ , m JI } should be simplified as 2m zj m ji and 2m zJ m JI respectively. The phase space on the two sides are (
. The canonical transformation is found by comparing the higher-spin generators (95-105) with the collective dipole generators (107-117). The AdS coordinates and conjugate momenta are given by
and the angular momenta are found to be
This is a canonical transformation as one can verify the Poisson brackets
and others vanish. In summary, we have in the above established a one-to-one map between the phase space coordinates of the collective dipole and the phase space of the higher spin AdS particle. This map can be seen as a concrete realization of the aforementioned theorem of Flato and Fronsdal [13] regarding the tensor product of Di-Rac representations of the conformal group. The theorem has been generalized to any dimension in [27] as is our explicit construction.
This map generalizes the earlier construction established in d = 3 to any dimension, which provides a simple explicit model of the AdS/CFT correspondence. In the gauge used (light-cone gauge) it reconstructs the AdS theory in the bulk. Issues of locality in the AdS spacetime have been studied recently in [28] . This construction demonstrates how a non-local (bi-particle space) is transformed into the local AdS spacetime with higher spins.
Conclusion
We have in present paper described the collective dipole picture of the AdS/CFT correspondence. This picture was extracted from the bilocal field representation of a conformally invariant O(N) vector model. These fields which fully describe the O(N) singlet sector of the theory were seen to contain the full interacting bulk AdS theory with higher spins. A first quantized description represents a bi-particle system which we called the collective dipole. We have studied the structure of constraints and gauge fixing of the dipole system. This issue itself is nontrivial as we are dealing with a fully relativistic system with two times. Consequently various issues related to unitarity and absence of ghosts have to be addressed. We have following earlier work discussed in detail the issue of gauge fixing to a physical time-like or light-cone gauge. Using a gauge condition which leads to elimination of the relative time, we have exhibited the existence of a unitary, ghost-free representation of the dipole system. This gauge also establishes contact with the equal-time Hamiltonian of bilocal field theory.
Using the light-cone frame we have then demonstrated the correspondence with the higher-spin particle in AdS spacetime. This correspondence is constructed in terms of an explicit one-to-one canonical map relating the d-dimensional collective dipole with the d+1 dimensional higher spin particle in AdS. The map gives an explicit reconstruction of the extra (radial) AdS space dimension and of the infinite sequence of higher spin states. As such it represents likely the simplest system where the AdS/CFT correspondence is established in the bulk.
For higher spin theory the relevance of the dipole picture lies in the following. It provides a first quantized world-sheet description of the theory and also has the promise to lead to a BRST quantization of the the system. The BRST approach was extremely relevant in the case of string theory [29] (and of course gauge theory [30] ) but even though there have been various attempts there is not as yet a complete BRST description of Vasiliev's higher spin gauge theory. We plan to address this question in future publications.
